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Kalman Filtering vs. Smoothing

g

* Dynamics and Observation model
Xy = AX AW, W, ~W = N(0,Q)
y, = Cx,+v, Vv,~V,=N(0,R)

e Kalman Filter:

— Compute (Xt |Yo =VYor-ee1 i :yt)
— Real-time, given data so far

 Kalman Smoother:
— Compute (X, |Y, =Y,,...,Y; =y; ), O0<t<T
— Post-processing, given all data




EM Algorithm

X,, = Ax.+w, w,~W =N(0,Q)
y, = Cx,+v, Vv,~V,=N(0,R)

e Kalman smoother:

— Compute distributions X, ..., X,
given parameters A, C, Q, R, and data y,, ..., ¥;.

* EM Algorithm:

— Simultaneously optimize X, ..., X,and A, C, Q, R
given datay,, ..., Y,



Probability vs. Likelihood

* Probability: predict unknown outcomes based
on known parameters:

—plx | 6)
* Likelihood: estimate unknown parameters
based on known outcomes:
—L(B | x) =plx | O)
e Coin-flip example:
— 0 is probability of “heads” (parameter)
— X =HHHTTH is outcome



Likelihood for Coin-flip Example

Probability of outcome given parameter:
— p(x=HHHTTH | 6 =0.5) = 0.56 = 0.016
Likelihood of parameter given outcome:
— L(0=0.5] x=HHHTTH) = p(x | 6) =0.016
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Likelihood maximal when © = 0.6666...
Likelihood function not a probability density




Likelihood for Cont. Distributions

e Sixsamples {-3, -2, -1, 1, 2, 3} believed to be
drawn from some Gaussian N(0, ¢?)

Lizizma)

. Lfkeliﬁood of c;:
L(o|{—3,-2,-112,3}) = p(x=-3|0)- p(Xx=-2|0)--- p(Xx=3| o)
e Maximum likelihood:
- \/(—3)2 +(=2)2 + (=12 +1% + 22 + 32
6

il S R P T | L PR L PR PR s e L " P iEma

=2.16




Likelihood for Stochastic Model

Dynamics model

Xt+1 —

Yi =

Suppose x,and vy, are given for 0 <t < T, what

AX, +W,,
CXx, +V,,

w, ~W, =N (0,Q)
v, ~V, =N(O,R)

is likelihood of A, C, Q and R?

L(AC,Q,RIx,¥)=p(x,Y|AC,QR) =] [ p(X, X 4)P(Y, %)

Compute log-likelihood:

log p(x,y| A.C,Q,R)



Log-likelihood

]
log p(x,y| A,C,Q,R) =log | | p(x, | X, ) (Y, [X,) =
t=0

T-1 T
Zlog p(xt+1lxt)+Zlog p(Y, X)) =-..

* Multivariate normal dlstrlbutlon N(u, >.) has
odf: PX) = 22) A= exp (-1 (x—p) = (x—))

e From model: X, ~N(Ax,,Q) VY, ~N(Cx,R)

- (Z% IOQ‘Q ‘__(Xt+1 AX ) Q (Xt+1 AX )j

—

ZE Og R™ __(yt _Cxt)T R_l(yt _CXt) + const
2 2

t=0



Log-likelihood #2

(TZil |Og‘Q_l‘——(Xt+1 AX) Q (Xt+1 AX )j

N |

b

—

N |~

Iog‘ R‘l‘ - (y,—Cx) R(y, - Cxt)j +const =...

e a=Tr(a)if ais scalar
* Bring summation inward

IIog\Q1\—1[2Tr«xm—Axt)TQ1(xm—Axt»j+

T”log\R \——(ZTr((yt ~Cx,)"R(y, —Cx ))j+const



Log-likelihood

3

T IOQ‘Q_l‘ B E(ZTr((Xm —A%) Q7 (X - Axt))j '

T+1

\Rl\——(ZTr((yt ~Cx,)"R™(y, —Cx ))j+const_...

* Tr(AB) = Tr(BA)
* Tr(A) + Tr(B) = Tr(A+B)

_T > 109/Q 7| - 1 Tr(Ql(Ti (X, = AX,)(X,., — AX,)" D .

T;ll Q‘Rl‘“T'{ 1(i( —Cx )y, —Cx,)’ D+const



Log-likelihood #4
T g 1 -1 < T
EIOQ‘Q ‘_ET"[Q (Z(XHl_AXt)(XHl_AXt) j]"‘

T+1 4 <
> Iog‘R ‘——Tr{R (Z(yt ~Cx)(y, -Cx,)’ D+const_...
t=0

* Expand

I(A,.C,Q,R[X,y)=

T-1
;Iong—;Tr(Q{ X Xt — X Xt AT — AX X[, + AX X! AT D

t=

t=0

0
T+1 1 4 N T TAT T TAT
> —Io g‘R ‘——Tr R Z Y. —Y X C —Cxy,,; +Cxx,C" | |+const



Maximize likelihood

* log is monotone function
— max log(f(x)) & max f(x)
 Maximize l(A, C, Q, R | x,y) in turn for A, C, Q

and R.
ol(AC,QR|XxYy)

— Solve A =0 for A

— Solve MACQRIXY) 4 for C

oC
— Solve MAC.QRIXY) _ forQ

oQ
— Solve al(A,C,Q,R]|x,Y) 0 for R

OR




Matrix derivatives

e Defined for scalar functions f : R™™m-> R

r_9f ... _9f 1
a_f B X111 l'j'-\h.n-l
X | 4 e
L X1 m X n. m
e Key identities T
Y OX AX:xT(AT+A)
OX
T
OB AB:BT(AT+A)
OB
OTr(AB) OTr(BA) OTr(B'A") g7
OA OA OA
dlog|A e

OA



Optimizing A

* Derivative
Ol(A,C,O,R|X, 1 (&2
ACORDN Lo Son, . ~2axx!
t=0

e Maximizer

T-1 Y= -1
A= Z XXy Z X Xy
t=0 t=0



Optimizing C

* Derivative
J(AC,QR|IXxyYy) 1_,
=—R 2 x —2Cxx
oC 2 Z Vi

e Maximizer

=[St | S|



Optimizing Q

* Derivative with respect to inverse

A(AC,QR|xy) T

1(1=L T
8Q_1 2 o E (Z Xt+1x;r+l o Xt+1X:£r AT o AXtX:trJrl + AXtX:tr AT J
t=0

e Maximizer

1 < T T AT T T AT
Q= T D XeaXen —XeaXe AT = AXX{; + AX X A
t=0



Optimizing R

* Derivative with respect to inverse
ol(A,C,Q,R|x,y) T+1

1(d '
aR_l — 2 R_E[ZytytT _thtTCT_CXtytT'*_CXtXtTCTj
t=0

e Maximizer

1

R= - l(Zytyt ~y X C" —Cx.y; +CX X CTj



EM-algorithm

Xijg = AXt TW., W, ~Wt =N(0,Q)
Y. = Cx,+v,, Vv,~V,=N(O,R)
Initial guesses of A, C, Q, R

Kalman smoother (E-step):

— Compute distributions X, ..., X;
given datay,, ..., yrand A, C, Q, R.

Update parameters (M-step):

— Update A, C, Q, R such that
expected log-likelihood is maximized

Repeat until convergence (local optimum)



Kalman Smoother

e for (t=0;t<T; ++t) // Kalman filter
)A(t+]Jt = A)A(t|t

Pt+1|t = APt|t Al +Q

Kt+1 — I:)t+1|tCT (Cpt+1|tCT T R)_l
)A(t+1|t+1 — )A(t+]Jt T Kt+1 (yt+1 — C:)A(t+1|t)
Pt+1|t+l — Pt+1|t - Kt+1CPt+1|t
e for(t=T—-1;t>0;--t) //Backward pass
Lt — Pt|t A’ Pt+1|t_1
)A(tlT — )A(tlt T Lt ()A(t+1|T - )A(t+1|t)

PtlT — Ptlt + Lt (Pt+1|T - Pt+1|t) LI



Update Parameters

Likelihood in terms of x, but only X available
I(A.C,Q.R[XY) =

T-1
TE Iog‘Q_l‘ o %Tr(Ql(Z Xt+1X:[r+1 o Xt+1x;r AT - AXtXLl + AXtX;r AT jj +

t=0

)
% log|R ™| - % Tr[Rl(z Yy —yxICT —Cx,yl, +Cx,x C” D +const
=0

T

Likelihood-function linear in X, XX ,X.X/,
Expected likelihood: replace them with:

E(Xt 'Y) :)A(t|T
E(XtXtT |y) — Pt|T +)A(t|T)A(;r|T

T S o7 S S o T
E(Xt Xt+1 | y) — Xt|txt+1|T + Lt <Pt+]JT + (Xt+]JT o Xt+1|t)xt+1|T )

Use maximizers to update A, C, Q and R.



Convergence

* Convergence is guaranteed to local optimum
e Similar to coordinate ascent




Conclusion

 EM-algorithm to simultaneously optimize
state estimates and model parameters

* Given training data”, EM-algorithm can be
used (off-line) to learn the model for
subsequent use in (real-time) Kalman filters



Next time

* Learning from demonstrations
* Dynamic Time Warping



